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‘Overview

e Motivation for studying single particle orbits in magnetic fields
eMotion in a straight uniform B-field (basic review)

eThe guiding center approximation

eMotion including a static electric field, or gravity

eMotion in inhomogeneous and bent B-fields and the first adiabatic
invariant

eMirror confinement

eTime variation (no derivation)



The need for magnetic field confinement

eThe easiest fusion process to reach is D-T fusion
*This requires particle kinetic energies in the range 10-100 keV

eEven at the particle energy of peak D-T fusion reactivity, non-fusion
collisions (scattering) dominate over the fusion collisions by two orders of
magnitude

e Must confine plasma at T>10 keV (~120 M Kelvin) for many collisions

eThermal speed of D and T is on the order of 10® m/s at these
temperatures (and even higher for electrons) — ps confinement if you
have no confining field?

eElectric fields alone won’t work: Confine only one species
eMagnetic fields may work (must be bent!)

eGravity works on the sun, but not on Earth



}Charged particle motion in a straight magnetic field
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}Charged particle motion in a straight magnetic field
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}Charged particle motion in a straight magnetic field
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}Charged particle motion in a straight magnetic field

egBy,/m is an inverse time scale: give it it’s own symbol

=—— - sometimes' _ = 4B,
m m



‘Charged particle motion in a straight magnetic field

*Decouple v, and v, equations:
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‘Charged particle motion in a straight magnetic field

Eliminate v, from v, equation by differentiation and substitution

e\/, equation is trivial
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}Charged particle motion in a straight magnetic field
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}Charged particle motion in a straight magnetic field
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\Charged particle motion in a straight magnetic field
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‘Charged particle motion in a straight magnetic field

e|ntegrate in time to get position

eDefine Larmor radius and guiding center:

v

Vv, =V, cos(wt+0)=>x=x, +—=sin(w,t+0)
wC
, %
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\The guiding center approximation:
|
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The guiding center approximation is often necessary:

eForaleV electroninaB=1T field, the cyclotron frequency is large and
the Larmor radius small:

11 -1
w,=1.8x10"s
r, =3x10°m
eJust to follow the electron for one microsecond requires >10° time steps
if a simple numerical scheme is used.

e Almost the full computational effort is spent calculating the circular
motion....

e Averaging over the gyromotion allows fast and accurate calculations of
the motion of charged particles in a magnetic field, both analytic and
numerical

eEssentially, the gyrating particle is replaced by a charged (q), massive
(m) ring of current (I=ew./2n) , with its center at the particle’s gyrocenter.

*We will do this for a few important cases in the following:



ExB drift

eSince particles are charged, the electric field naturally enters the
equations (collective phenomena, external confining fields, single particle
Coulomb interactions)

eElectric field component along B gives simple acceleration or
deceleration

eElectric field component perpendicular to B is more interesting:

eExample below: Electron 1, =—=

Lecture on guiding center approximation 16



ExB drift
|

eNet effect is a motion in the ExB direction which has a steady state
component

el et’s calculate this drift:

Lecture on guiding center approximation

17



ExB drift
|
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ExB drift
|
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ExB drift
|
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ExB drift
|
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ExB drift
|
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ExB drift

| #5068 '%0(%6)*+ )} &LIBB Y6& 'Vo-,2".(2.%'&2-* % 3*U6(" 45*6%" % (26%$%-, 2" (:
| 882-*P&'%-,2'.(2.0%3*%-(2%'49.:(-.%&. Y% & 2RI U PR 4(.&., 2

d(v, " ve) _ B,

dt m
dv, _.. 9B,
~y w4204,
dt m (Vx VE)
dv

Z:O
dt



ExB drift
|

*E/B is a velocity, vg; it is constant since we assumed E and B constant.

eSince v¢is constant, we can subtract it inside the d/dt of x-equation
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ExB drift
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ExB drift
|

e|t’s clear we have the same equation as before, just replacing v, by v,-v¢

v,! v. =v. cos(/ t+") V, =V COSf t +9)
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ExB drift
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ExB drift
|

e|t’s clear we have the same equation as before, just replacing v, by v,-v¢
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ExB drift

e|t’s clear we have the same equation as before, just replacing v, by v,-v¢

E

Vv, = B—y+ v, cos(! t+") V, =V,cos. t+9)
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ExB drift: Coordinate-free formulation
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\ExB drift: Coordinate -free derivation

e\We can also prove that the particles ExB drift without using coordinates
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ExB drift
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FxB drift

eThe derivation we did only used Newton’s 2" law — no reference to the
Lorentz transform or Maxwell’s equations

o(then afterwards it was realized that we could have used Lorentz)

eBut this is actually an advantage: Our derivation can be trivially extended
to any other constant perpendicular force acting on our particle:

E B2
F qBZ

*The general force drift cares about the particle’s charge, as one would
expect. Example F=mg leads to a gravitational drift in opposite directions
for electrons and ions.



Non-uniform B-field
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\Non-uniform B -field
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\Non-uniform B -field
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Adiabatic invariants

e|nstead of Taylor expanding, it is also possible to derive this drift much
faster by introducing the first adiabatic invariant p.:

eThis invariant is very useful in several contexts
eBackground:

eThe concept of adiabatic invariants is known from analytic
mechanics

e Assume a particle performs periodic motion in one coordinate g
eThen one can define the action as: gﬁpqdq
*Here p, is the generalized momentum associated with g

o|f one perturbs the periodic motion by a small amount g, the action
remains conserved, to all powers in €

*\We have already one periodic motion — the gyration. The coordinate for
the gyration is 8, and pg=mvgris the associated generalized momentum
(we recognize it’s just the angular momentum in the gyration)



‘The first adiabatic invariant

2w 2
gﬁpqdq = fo mv,rd0 =f0 mvr, d0 =2amvyr, =
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charged particle, if we consider the particle as a charged current ring with
radius r,
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The first adiabatic invariant is the dipole moment

|
2 2
W B mv my
q c m/f _ q .7[( J_)2 _ 1
27 2nm  gB 2B
*This magnetic dipole is anti-aligned with the magnetic field (a plasmais
diamagnetic)

IA = - u

e A magnetic dipole with strength pn embedded in a magnetic field B anti-
aligned to the dipole has potential energy uB, so it feels a force

This is the so-called mirror force F = ~uVB

This force also works for neutral particles as long as they have a magnetic
dipole moment (Example: Antihydrogen)

If the force is along B, it can provide some confinement along the field
lines for charged particles — they can be reflected by a magnetic mirror

(Mirror confinement was attempted for fusion but is not pursued
much these days)

If the force is perpendicular to B, then we get a drift



Non-uniform B-field strength

e\We use now the FxB formula we derived earlier:

_ dB.
F =-uVB =-u——=y
dy
. FxB -uVBxB mv? Bx VB
Vvg = 2 = 2 - 2
qB qB 2B gB
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Non-uniform B-field direction: Curvature drift

o|f the magnetic field strength is inhomogeneous, the magnetic field is
usually also curved

|t has to be curved if it’'s inhomogeneous, unless you have significant
currents

e|n the guiding center approximation, the zeroth order motion is along
the magnetic field.

¢So if the magnetic field is curved, the particle feels a centrifugal force:




Combining the two drifts
|

e\With a bit of algebra, we can combine the grad B and curvature drifts

into one formula — assuming that the current density is negligible. This is
not universally true but often enough that it is useful to derive this

combined formula.
VxB=u,j=0
V-B=0
o|f the magnetic field has curvature, we can go into a local cylindrical

coordinate system with the axis given by the axis for the radius of curvature
(blackboard). In that coordinate system:

B=B.(r,0,2)F + B,(r,0,2)8 + B.(r,0,2)7 = B,(r,0,2)0 = B,(r,6)8



\Combining the two drifts
|
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Combining the two drifts
|
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Lecture on guiding center approximation
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}Combining the two drifts

*Thus, we have shown in the last few slides that:

. :: :_: % u :
#B !IJOJ O&( _B:)i
"$B=0 B

A

eTherefore we can combine the two magnetic non-uniformity drifts into one

f la: :
V" =
B*Re 2B qB?

eThese two drifts add up — no magic cancellation

eThe drifts are “slow” in general, verifying our perturbative approach:
*E=100 eV electron in B=1 T and Rc=1 m:

*vp.~100 m/s vs ~5*10°> m/s free streaming velocity and r; ~3 um



Mirror force — mirror confinement
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‘Mirror force for a generic situation
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‘Mirror confinement (mirror-reflected particles)

—f L
— i
Bmin
1 2
uB = Eva,u = constant

* Now that we believe in the mirror force, we see that it can be used for

confinement.

 We also recognize that uB is the potential energy of the guiding center
particle due to its magnetic moment.

* A guiding center particle is in a potential well in a mirror device (above)

* For which particles is the potential well sufficiently deep for trapping?



Mirror confinement (mirror-reflected particles)
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Mirror confinement (mirror -reflected particles)
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\The parallel Larmor radius
|
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Time varying fields
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« The magnetic field from a dense toroidal set of coils is equivalent to that
from an infinite, straight current carrying wire

« Particles experience magnetic drifts in the vertical direction:

_ _2mv;+mv, B$" B
Vepsr, — 2
2B qB
Opposite for ions and electrons — they drift apart
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Non-neutral plasmas in a stellarator

» A stellarator is a magnetic surface configuration: Each
magnetic field line wraps around a toroidal surface, never
leaving the surface.

« Also mainly toroidal field — also vertical drift of particles?

* No - vertical drifts cancel because of the poloidal motion

that the particle has, as a result of parallel motion along the
magnetic field

-

Lecture on SEICHABISEATEr approximation
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Without E-field, CNT has “bad” orbits!
|

CNT is a “classical stellarator” — will not work well for fusion:

About 50% of particles are magnetically trapped (due to mirror force/first
adiabatic invariant).

They don’t circulate toroidally, therefore don’t circulate poloidally, and drift
out of CNT due to the magnetic drifts. Example:
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Lecture on guiding center approximation



ExB could come to the rescue
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